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Abstract—In this article, the generalized thermoelastic theory under Green and Naghdi models are used to
study the thermoelastic interaction in an isotropic material containing a finite crack inside the material. The
crack boundary is due to a prescribed temperature and stress distribution. Based on the Green—Naghdi type 11
and type III models, the formulation is applied to generalized thermoelasticity with an appropriate choice of
parameters. Numerical solutions of the displacement components, temperature, and stress components are ob-
tained using the finite element method. The results have been verified numerically and are represented graphi-
cally. Comparisons were made with expected results from Green and Naghdi model of type III and Green and

Naghdi model of type II.
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1. INTRODUCTION

Two generalized thermoelasticity theories well-in-
vestigated and well-established. Replacing the classi-
cal Fourier law by postulating a new thermal conduc-
tion law, the theory of generalized thermoelasticity
containing one relaxation time has been proposed by
Lord and Shulman [1]. Green and Lindsay [2] estab-
lished the generalized of thermoelastic theory contain-
ing two relaxation times. For the anisotropic medium,
Dhaliwal and Sherief [3] extended the generalized
thermoelastic theories. Entropy based on equality
rather than inequality usually entropy, Green and
Naghdi [4—6] established three new theories of thermo-
elasticity. The constitutive hypotheses for the heat flux
vector in each theory are different. So they got three
theories of thermoelasticity called types I, 11, and IIL.
We get the classical thermoelasticity system when the
type I model is linearized. Type Il model (a limiting
case of type III) does not admit energy dissipation.

The strength of a material with cracks is an attract-
ing problem in fracture and the knowledge of elastic
stress fields is potentially useful for strength estima-
tion based on the theory of brittle fracture. Several ar-
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ticles have appeared which treat the stress distribu-
tions in an unbounded solid due to the application of
normal pressure or temperature on the faces of a cir-
cular internal fiat crack. Mathematically, the basic
equations for cracking problems in piezoelasticity and
magnetoelectroelasticity are identical to their ana-
logues in pure elasticity as in Ref. [7]. Sherief and El-
Maghraby [8, 9] studied mode I crack problems using
the method of regularization. Prasad et al. [10] applied
the method of regularization in a two dimensional
thermoelastic problem of a mode I crack under Green
and Naghdi type Il model. Lotfy and Othman [11] stud-
ied the effect of magnetic field for a mode I crack on a
two-dimensional problem under generalized thermo-
elastic theory. Abdel-Halim and Elfalaky [12] studied
an unbounded thermoelastic solid with internal penny-
shaped crack. Elfalaky and Abdel-Halim [13] investi-
gated an unbounded thermoelastic space containing a
mode I crack.

The analytical solution of the basic equations of
the generalized thermoelastic theory for a coupled and
linear/nonlinear system exists only for very special and
simple initial and boundary issues. Therefore one can
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chose the finite element method. Three steps have been
involved to apply the finite element method. The first
step is to take the overall behavior of the variables so
as to satisfy the differential equations given unknown
field. The second step is temporal integration. The tem-
poral derivatives of the unknown variables must be
determined by the previous results. In the third step,
the solutions of equations resulting from the first and
second steps will obtained by the finite element algo-
rithm as in Ref. [14].

The present paper investigates a GN model in a two
dimensional problem of a mode I crack in a thermo-
elastic medium using the finite element method. The
results have been verified numerically and represented
graphically.

2. BASIC EQUATION

For a homogenous, isotropic, and linear thermoelas-
ticity, the basic equations can be written in the form [10]
W i+ A+ W =T, =piiy, i,j=1,2,3, (1)
where A, U are elastic parameters, p is the mass den-
sity, u; are the components of displacement, 7" is the
change in temperature of a particle of material, y =
(BA+2u)o,, o, is the linear thermal expansion coef-
ficient and ¢ is the time.
The form of heat equation can be given by

K'T,;+nKT,; =pc,l +yTii,;, i,j=1,2,3, (2)

where K is the thermal conductivity, c, is the specific
heat at constant strain, 7, is the reference uniform tem-
perature, K" is the material constant characteristic of
the theory, n =1 refers to the theory of Green and
Naghdi of type III (with energy dissipation) while n = 0
refers to the theory of Green and Naghdi of type II
(without energy dissipation). The constitutive equa-
tions have the form

o; =, —y(T T))8U+u(ujl+u ), 3)
=1,2,3,
where §; is the Kronecker symbol, and o, are the
stress components.

3. FORMULATION OF THE PROBLEM

An infinite space —eo < x < oo, —oo <y < oo Was con-
sidered in this problem with a crack on the x axis, |x| < a,
y=0. The surface of the cracks is subjected to a pre-
scribed temperature and to the normal stresses. The
displacement components u; are (u(x, y, ), v(x, y, t), 0).
In this case, the governing equations have the follow-
ing form [10]:
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It should take the nondimensional form for the pre-
vious equations. Thus, the nondimensional parameters
are given by
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where x = K/(pc,) and 2 =(+2u)/p.
In terms of the dimensionless quantities (10), after
neglecting the primes, the above equations can be re-
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